Prof. Richard B. Goldstein - LINEAR ALGEBRA
BASIC CONCEPTS

m X n matrix, 1 X n row vector, m x 1 column vector:

a;, .. a, b,
A=| . . . a=[a] an] b=

Al= [ai] (n by m matrix)
Symmetric:  A'=A Skew-Symmetric: AT=-A
Matrix Addition, Scalar Multiplication

C=A+B all matrices are m by n and c;j = a;j + bj
D =kA all matrices are m by n and d;; = kaj;

Matrix Multiplication

I
TMS

C=AxB Aismbyn, Bisnbyp, C=m by pand Cjj a; by

Gauss Elimination

is equivalent to Ax =b
a, X +..+a,Xx,=b,

The augmented matrix is row reduced from [A | b] to [U | bN ] by
elementary row operations:

(A)  interchange two rows
(B)  multiplication of a row by a nonzero constant

(C)  addition of a constant multiple of one row to another row

Linear Independence, Rank of Matrix
Cidgy + Cat..tedy, =0

If the n vector linear combination is equal to the zero vector only when all the ¢’s are
zero then this is a set of linearly independent vectors.

The rank of matrix A equals the maximum number of linearly independent
columns (or rows) of the matrix A. Use row or column reductions.



Linear Systems: General Properties of Solutions

Ax=0 always has the trivial solution x; =... =X, =0
nontrivial solution exists if rank(A) =r<n

Ax=Db if rank(A) = rank(A | b) = n, then there is a unique solution
if rank(A) = rank(A | b) <n, then there infinitely many solution
if rank(A) <rank(A | b) then there are no solutions

Inverse of a Matrix

AAT=ATA=T, if A is n by n and I, = n by n identity matrix (1's on diagonal
and zero elsewhere)

Find A" by Gauss Elimination starting with [A | I] and ending with [I | A™]
Determinants
det(A) =ajjax - appayif Ais 2 by 2
D =det(A) = a;xCix + aCox + ... + anCri expansion k™ column
where Cjx = (-1)j Tk Mji and Mjx = determinant of order n - 1 obtained by

eliminating the jth row and k™ column of A. My is called the minor of ajx
and Cj is called the cofactor of ajx in D.

Note: (a) interchanging rows (or columns) multiplies the determinant by -1
(b) adding a constant multiple of one row (or column) to another does not
change the value of the determinant
Cramer’s Rule

If rank(A) < n, then det(A) =0

If det(A) ... 0, then x; = Di/D
where D = det(A) and D; = det(A with the i" column replaced by b)

A= [Ajk]T/ det(A)  where Aj = the cofactor of aj in A
Eigenvalues, Eigenvectors
Ax =Ax always has the trivial solution x =0

non-trivial solution are found by setting (A - AI)x = 0 and finding
all eigenvalues first by solving the characteristic polynomial:

Po(h) = det(A - AT) = 0

then solve (A - Ail)x; =0 for particular eigenvectors



Special Matrices:

Symmetric AT=A

Skew-symmetric AT=-A

Orthogonal AT=A" all eigenvalues have | Ai | =1

Hermitian A=A have real eigenvalues

Skew-Hermitian AT=-A have imaginary eigenvalues or zero

Unitary AT=A" all eigenvalues have | A; | = 1

Similar Matrices B=T'AT B has same eigenvalues as A
Diagonalization

D=X'AX  where X is a matrix with each of its columns another eigenvector
A =XDX''

D™= X"'A™X

f(A) = X 'f(D)X

P,(A)=0 characteristic polynomial of matrix yields the zero matrix
Q=x'Ax is a quadratic form
Set X'x =y.

Then Q =x'XDX'x =y'Dy reduces to principal axes.
Single Value Decomposition

A=UDV'  where Uand V are orthogonal matrices (U'U = V'V =1)
Aismbynwithm$n, Uismbym, Visnbyn,Dismbyn
G,

0

D given by where 61 $ 6, $ ... $ 6, $ 0 are the singular values

main use - least square curve fitting - A"A has eigenvalues



