Methods for Solving Differential Equations — Prof. Richard B. Goldstein
Integration

%:y’:f(x):y:jf(x)dx

Example: Yy =3x"+2, y(O):4:>y:I3x2+2dx=x3+2x+C
where C = 4 after substitutionof x =0andy =4

Separable Equations

dy g(x)
&=W:> h(y)dy = g(x)dx = jh(y)dy =jg(x)dx

. dy dy X2

Example: —:xy+x:x(y+l):>j—:jxdx:>In(y+1)=—+C
dx y+1 2
y+1=e<'2¢ = Ae*"/? = y = Ae*"/? —1 is the general solution

Constant Coefficient Linear Equations

y' +by +cy=0=lety=e*=r’+br+c=0

real distinct roots ry, 1y : y =Ae"™ + Be”*
real duplicate root r: y = (A + Bx)e™
complex roots a £ bi y =e*(Acos(bx) + Bsin(bx))

Examples:  y' -5y +6y=0=y=Ae” + Be**
y"+9y =0=y=Acos(3x) + Bsin(3x)
Linear Equations

Y +P()y =Q(x) = Let 1(x) =&/ "% = y = I I(Xﬁ())()dx

X de
Example: y’+X:e :>I(x)=eIX e =x=>y= =
X X




Growth Models

Exponential Growth

Exponential Decay

Limited Growth

Logistic Growth

Numerical Methods

Euler’s Method

Corrected Euler

Direction Fields

%=ky,y(0>=A = y=A
Yy y0=A = y=Ae"

Yok-plimyw-L = y-Li-e")

dy Y
2 =ky|1--= | limy(t) =M =
dt y[ MJ Hwy() y

Y =F(X,¥), Yo = Y(X,)

X1 =Xo + N, y1 = Yo + hF(Xo, Yo)

X2 = X1 + N, y2 = y1 + hF(Xq, Y1)

X3 =Xz + h, y3 =y, + hF(X2, y»), etc.

Y =F(X,Y), Yo = Y(X,)

X1 =Xo + h, p1 = Yo + hF(Xo, Yo), Y1 = Yo + 0.5h{F(Xo, Yo) + F(X1, p1)}
X2 =Xy +h, p2 = y1 + hF(Xy, Y1), Y2 = y1 + 0.5h{F(x1, y1) + F(X2, p2)}
X3 =Xo +h, p3 = Y2 + hF(Xy, ¥2), Y3 = Y2 + 0.5h{F(x2, y2) + F(xs, p3)}
etc.

show slopes at various points in a grid of F(x, y)

Example: F(x,y)=x+y-1
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